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1. Introduction

There are various perturbation techniques for constructing analytical approximations to the
oscillatory solutions of second order, non-linear differential equations. But many of them apply to
weekly non-linear cases only. To overcome the limitations, many novel techniques have been
proposed in recent years. For example, He [1] proposed a perturbation technique which is valid
for large parameters, and Lim et al. [2] presented a modified Mickens procedures for certain
non-linear oscillators.
Consider a non-linear oscillator modelled by the equation

x00 þ f ðxÞ ¼ 0; xð0Þ ¼ A; x0ð0Þ ¼ 0; ð1Þ

where A is a given positive constant and f ðxÞ satisfies the condition

f ð�xÞ ¼ �f ðxÞ ð2Þ

and its derivative near x ¼ 0 is non-negative. The system will oscillate between symmetric limits
½�A;A�: The starting point in Refs. [1,2] is to rewrite Eq. (1) in the form

x00 þ o2x ¼ o2x � f ðxÞ :¼ gðxÞ; ð3Þ

where o is a priori unknown frequency of the periodic solution xðtÞ being sought. A similar
technique was used in Refs. [3,4].
This research was motivated by the method used in Refs. [1–4]. The purpose of this paper is to

propose a modified method of equivalent linearization by using Eq. (3), which works even when
the non-linearity is not small.
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2. Classical method of equivalent linearization

Consider the non-linear differential equation

x00 þ o2
0x ¼ ef ðxÞ ¼ gðxÞ; xð0Þ ¼ A; x0ð0Þ ¼ 0; ð4Þ

where e is a small positive parameter. In the first approximation, the solution takes the form

x ¼ A cosot; ð5Þ

where according to the method of equivalent linearization [5]

oðAÞ ¼ o0 �
1

2pA

Z 2p

0

gðA cosjÞ cosj dj: ð6Þ

3. Basic ideas of the modified method

We assume that the equivalent linear equation corresponding to Eq. (1) is

x00 þ o2x ¼ 0: ð7Þ

Then, gðxÞ ¼ o2x � f ðxÞ in Eq. (3) is probably ‘‘small’’. Comparing Eq. (3) with Eq. (4), we
obtain from Eq. (6)

o ¼ o�
1

2pA

Z 2p

0

½o2A cosj� f ðA cosjÞ�cosj dj

or

o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

pA

Z 2p

0

f ðA cosjÞcosj dj

s
: ð8Þ

This formula is the main result of this paper.

4. Examples

Example 1. Consider the well-known Duffing equation

x00 þ x þ ex3 ¼ 0; xð0Þ ¼ A; x0ð0Þ ¼ 0: ð9Þ

Substituting f ðxÞ ¼ x þ ex3 into Eq. (8) yields

o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

3eA2

4

s
: ð10Þ

Therefore, the first approximation is

x ¼ A cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

3eA2

4

s
t

0
@

1
A: ð11Þ
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Example 2. The second example is the non-linear differential equation [5]

x00 þ jxjx ¼ 0; xð0Þ ¼ A; x0ð0Þ ¼ 0: ð12Þ

In this case, Z 2p

0

f ðA cosjÞcosj dj ¼ A2

Z 2p

0

cos2jjcosjj dj

¼ A2

Z p=2

0

cos3j dj�
Z 3p=2

p=2
cos3j djþ

Z 2p

3p=2
cos3j dj

" #

¼
8A2

3
: ð13Þ

Then, we have

o ¼

ffiffiffiffiffiffi
8A

3p

r
ð14Þ

and

x ¼ cos

ffiffiffiffiffiffi
8A

3p

r
t

 !
: ð15Þ

Eqs. (10) and (14) are in agreement with the results obtained by using the method of harmonic
balance [5].

Example 3. We now consider the non-linear differential equation [6]

x00 þ x1=3 ¼ 0; xð0Þ ¼ A; x0ð0Þ ¼ 0: ð16Þ

In this situation,Z 2p

0

f ðA cosjÞ cosj dj ¼
Z 2p

0

A1=3 cos4=3j dj ¼ 4A1=3

Z p=2

0

cos4=3j dj:

Using the relation [7]

Z p=2

0

cosnx dx ¼
Z p=2

0

sinnx dx ¼

ffiffiffi
p

p
G n=2þ 1

2

� �
2Gðn=2þ 1Þ

ðn > �1Þ ð17Þ

gives Z 2p

0

f ðA cosjÞcosj dj ¼ 2
ffiffiffi
p

p
A1=3G

7
6

� �
G 5

3

� �; ð18Þ

where GðnÞ is the Gamma function [8]. Substituting this equation into Eq. (8) yields

o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2G 7

6

� �
ffiffiffi
p

p
A2=3G 5

3

� �
s

: ð19Þ

ARTICLE IN PRESS

H. Hu / Journal of Sound and Vibration 276 (2004) 1145–1149 1147



The approximate solution to Eq. (16) is

x ¼ A cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2G 7

6

� �
ffiffiffi
p

p
A2=3G 5

3

� �
s

t

 !
: ð20Þ

For A ¼ 1;

o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð0:9260Þffiffiffi
p

p
ð0:90330Þ

s
¼ 1:076: ð21Þ

For A ¼ 1; the numerical solution and the value obtained by using the method of harmonic
balance are, respectively [9],

onum ¼ 1:054; ohb ¼ 1:049: ð22; 23Þ

The relative error between approximate solution (21) and numerical solution (22) is 2.09%.

5. Conclusions

A modified method of equivalent linearization has been proposed to solve non-linear
oscillations of single-degree-of-freedom systems with odd non-linearity, which works even when
the non-linearity is not small. Formula (8) is the main result of this paper. The details of the
method have been illustrated by three examples. The first two examples give the same results as
those obtained by use of the method of harmonic balance. The disadvantage of this method is that
it only gives the first approximations. The possibility of further generalizing the method is now
being investigated for the non-linear differential equation x00 þ f ðx; x0Þ ¼ 0:
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